Abstract. Maxwell theory can be studied in a gauge which is invariant under conformal rescalings of the metric, and first proposed by Eastwood and Singer. This paper studies the corresponding quantization in flat Euclidean 4-space. The resulting ghost operator is a fourth-order elliptic operator, while the operator P on perturbations A µ of the potential is a sixth-order elliptic operator. The operator P may be reduced to a second-order nonminimal operator if a dimensionless gauge parameter tends to infinity. In the presence of boundaries, one obtains gauge-invariant boundary conditions by setting to zero the whole set of A µ perturbations, jointly with ghost perturbations and their normal derivative. This is made possible by the fourth-order nature of the ghost operator. An analytic representation of the ghost basis functions is obtained.
The recent attempts to quantize Euclidean Maxwell theory in quantum cosmological backgrounds have led to a detailed investigation of the quantized Maxwell field in covariant and non-covariant gauges on manifolds with boundary [1] [2] [3] [4] [5] [6] [7] . The main emphasis has been on the use of analytic or geometric techniques to evaluate the one-loop semiclassical approximation of the wave function of the universe, when magnetic or electric boundary conditions are imposed. In the former case one sets to zero at the boundary the tangential components A k of the potential (the background value of A µ is taken to vanish), the realvalued ghost fields ω and ψ (or, equivalently, a complex-valued ghost 0-form ε), and the gauge-averaging functional Φ(A):
[ε] ∂M = 0 ,
In the electric scheme one sets instead to zero at the boundary the normal component of A µ , jointly with the normal derivative of the ghost and the normal derivative of A k :
∂ε/∂n
One may check that the boundary conditions (1)- (3) and (4)- (6) are invariant under infinitesimal gauge transformations on A µ , as well as under BRST transformations [5] .
On the other hand, the gauge-averaging functionals studied in Refs. [1] [2] [3] [4] [5] [6] [7] were not conformally invariant, although a conformally invariant choice of gauge was already known, at the classical level, from the work of Ref. [8] . It has been therefore our aim to investigate the quantum counterpart of the conformally invariant scheme proposed in Ref. [8] , to complete the current work on quantized gauge fields. For this purpose, we have studied a portion of flat Euclidean 4-space bounded by 3-dimensional surfaces. The vanishing curvature of the 4-dimensional background is helpful to obtain a preliminary understanding of the quantum operators, which will be shown to have highly non-trivial properties. In our scheme, all curvature effects result from the boundary only.
In flat Euclidean 4-space, the conformally invariant gauge proposed in Ref. [8] reads (hereafter b, c = 0, 1, 2, 3)
If the classical potential is subject to an infinitesimal gauge transformation
the gauge condition (7) is satisfied by f A b if and only if f obeys the fourth-order equation
where 2 is the operator composed with itself, i.e.
In the quantum theory via path integrals, however, one performs Gaussian averages over gauge functionals Φ(A) which ensure that well-defined Feynman Green's functions for the P operator on A b , and for the ghost operator, actually exist [5, 9] . This means that the left-hand side of Eq. (7) is no longer set to zero. One defines instead a gauge-averaging
and the gauge-averaging term 
The operator P bc is a complicated sixth-order elliptic operator, and it is unclear how to deal properly with it for finite values of α. However, in the limit as α → ∞, it reduces to the following second-order operator:
In this particular case, we still need to specify boundary conditions on A b and ghost perturbations. For this purpose, we put to zero at the boundary the whole set of A b perturbations:
and we require invariance of (13) under infinitesimal gauge transformations on A b . This leads to (hereafter τ is a radial coordinate)
∂ε/∂τ
Condition (14) When two boundary 3-surfaces occur, (14) and (15) lead to
When Eq. (10) is used, and the ghost operator is hence 2 , the four boundary conditions (16) and (17) provide enough conditions to determine completely the coefficients C 1 , ..., C 4 in the linear combination
where ρ 1 , ..., ρ 4 are a basis in the space of solutions of the eigenvalue equation
We therefore find that, when the conformally invariant gauge functionals (10) are used, the admissible boundary conditions differ substantially from the magnetic and electric schemes outlined in Eqs. (1)- (3) and (4)- (6), and are conformally invariant by construction (with the exception of (15)). The boundary conditions (13) also ensure the vanishing of all boundary terms resulting from integration by parts in the Faddeev-Popov action. Had we set to zero at the boundary A k (k = 1, 2, 3) and the functional (10), we would not have obtained enough boundary conditions for ghost perturbations, since both choices lead to Dirichlet conditions on the ghost. In the particular case when the 3-surface Σ 1 shrinks to a point, which is relevant for (one-loop) quantum cosmology [5] , the boundary conditions read (here Σ is the bounding 3-surface)
[ε] Σ = 0 ,
jointly with regularity at τ = 0 of A b , ε and ∂ε ∂τ . Many fascinating problems are now in sight. They are as follows:
(i) To prove uniqueness of the solution of the classical boundary-value problem
∂f /∂τ
(ii) To study the quantum theory resulting from the operator (11) for finite values of α.
Interestingly, the Feynman choice α = 1 does not get rid of the sixth-order nature of the operator P bc .
Quantized Maxwell Theory in a Conformally Invariant Gauge
(iii) To evaluate the one-loop semiclassical approximation, at least when P bc reduces to the form (12) in the presence of 3-sphere boundaries. The ghost operator is then found to take the form
With a standard notation, we denote by | the operation of covariant differentiation tangentially with respect to the 3-dimensional Levi-Civita connection of the boundary. If one expands the ghost perturbations on a family of 3-spheres centred on the origin as [1] ε(x, τ ) =
the operator (26), jointly with the properties of scalar harmonics, leads to the eigenvalue
This equation admits a power series solution in the form
The values of ρ are found by solving the fourth-order algebraic equation
When n = 1, one finds ρ = 0 or ρ = ±2. When n = 2, Eq. (29) admits four distinct real roots. However, ∀n = 3, 4, 5, ..., Eq. (29) admits two pairs of complex conjugate roots. This is proved by studying the sign of the coefficient of ρ 2 , and the sign of the quantity
where we have defined (∀k = 0, 1, 2, ...)
We have been unable to re-express the series in (28) in terms of Bessel functions. This reflects the impossibility to obtain Eq. (27) from a double differentiation with respect to τ of the second-order equation admitting solutions in the form τ γ I ν (τ λ 
It would be interesting to study the (one-loop) quantum theory, at least when α → ∞, on curved backgrounds like S 4 , which is relevant for inflation [5] , or S 2 × S 2 , which is relevant for the bubbles picture in Euclidean quantum gravity, as proposed in Ref. [10] .
The scheme proposed in our letter, jointly with these unsolved problems, seems to add evidence in favour of Euclidean quantum gravity having a deep influence on current developments in quantum field theory [5] .
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